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Fige 1 


The clrewit shown in Fag, 1 ahove, is a lew pase filter suitable 
for surpreqsineg random moise anoearing in the inwet voltere eft), Cen 
gider the ivoet woltaee ¢(4) aw eommonend ef two parte: 
‘oe Gegipakle sional incut veltere of constamt lew] (°.C.)* 
Ree indesired noliae, which varies rather rapidly with tine, 
My a auitchle eheice of resistance and casecitanss 54 2a possible 
tc vreduen the aeige wiltace amecring in the output v(t) to @ neglicible 
Jevel, while the desired signet is transmitted intact, 
However, time werring Gipeale present in the inet sicmal in addition 


to the constant Level will exererienct filtering to a cmalles or sreater 


“It may perhaps seea rather unusuel te regerd a l}.o, voltage or voaltacee 
wring linearly «ith time us sipneal voltacess one is accustamec to 
sinusoidal "Low freqency signal” and "high frecuener noise", Rowever, 
constant, linearly varying or parabolieally varying vollares are quite 
ispertant in many servomechaniom applications, principally in automatic 
fire eontrol cirevits, 


extent siongeide witn tre nolve voltnyee, sevendisg upon the ranidity of 
Le@e variation. 

sn order to optain an optiaun sooprosiee between tre two conflicting 
requir@ments oF m Kisue ecoyr@ey in #ignel reproWietion ant alnimuse rolive 
sutpat, Lt 1° Onnetine® neceteery to vary ine circnit peresetere. The 
anelyhie of Ut clreuit, after the varieahio nerameter has eovumed ite 
Tinwl valu@, cHY welly de Bevo tinted by convettlomi elreuit thedgry; 
however, Tew cnvéetigetlane huve bew) aide is, the paet camverning tive 
WerhRYLOor O1 Oulput veltege during tregeition tlae. in fect, paet erelyres 
i v@ oftum borrowed tae eglmtlene valid fer comtent perametors, replecing 
C5@ G2netAnt pareg@eter by its tiseevarying equivalent. Thie eperorhate 
wetneg cf solution very otten yields surpri@inugly sceurste reeulte; 
NOwever, 1% breeka vow i1) Oldfer chowe, 

4% 18 tee Bim OL Unie poner to investigete the sxuct performence of 
Une réeietancecepe@citance Marlen cirauit vith tiee werying ree.oetance, 
1m to viveck the range of error involved in the approximate mcotyed of 
evaluating the clyeait, belevior. The reaietance variation to be cone 
g.aere@d primarily is a linear veriations higher order term are concidered 


in tne appendix. 
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Yeneral fenurks 


R(t) 


e(i) C V(t) 


Fig, 2 


The differential equation governing the above circuit is 
(1) R(t) sxe) + v(t) = e(t) 
w linear eee of resistence is aveumeds 1.6. 
(2) R(4) = fig + Kyt 
For convenience define 
(5) OR(%) = GR, + UR,t E le + Tt 

Two types of input voltages e(t) are to be studied, namely power 
series containing finite nwabers of terma, and sinusoids, In meny 
applications 1% is sufficiently accurate to regard the power serlee as 
merely a straight line or perabolic variation; emphasie will be pleced 
on these two special cases. flowever, extension of the solution to any 
desired finite nusber of terme is given in the appendix. 

-inee the resistance variation diacussed in toils paper is a time 
function only, equation (1) is a linewr equetion; consequently the super- 
positien principle may be applied. Thue, one may conwldier each term of 
o(%) by itself separately, and solve for the terms of y(t) whieh are due 


to this individual term of e(t) elone. As a final step the solutions 


obtained in tnis manner may be added, refualting in tae wolution due to all 
of tne terms of e(t) combined. 

Uinsarity and superpo@ition ere very convenient in thnise etudy, since 
they pérmit sepirete inveetigotior of power series and #inusocivel eipfnele, 
furthermore, one if #s*ured thet neglection of nigher order term in e(t) 
will not aifect the stlutions of v(t) corresronding tc: tho lower order 


terme of @(l). 
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The pertinent form of ciuation (1) is 
4 \ ait ; @, for constant signel voltage 
4, (T, *) det) + v(t) = v + ¢,t for linear signal voltage 


e, + 6,t + e,t* for perabolic signal voltage 


1 
SOlutions to theve differential equatione are presented in Table I, 
Bubject to the boundary coniltion thet at t < O the conienser is charged 


to tne constant input voltage e.3 at t = O simultaneous variations in 


of 
resistence and input signal begin. Tis boundery condition approx im tes 
the conditions of the practicul applic tions of this problex. 

the solutions for |, 2 O are also presented, since the previous 
enproximete solution, presented in lable 1L, hus merely replaced [, by 
Y, + Vt wherever |. appeare in Toble I, Cols é. 

The signel error <(t), detined as v(t)-<e(t) is tebuleted in Table Lil 
ap obtained by both the exact and approximate methods. 

&(4) ecrresponding to e(t) = e, * e,t isp of immediate interest in 
degign problems; inspection of vable fil reveals that the signal error i¢é 


independent of e 3 furthermore for the cese of e(t) = e, t+ e,t the signal 


1 


error ie directly proportional to e1° 
For plo ting purposes it will be most convenient to deline a new 


variable t - <= &(4). $ may perhaps be termed “per-unit esignel error". 
e 


1 | 
winee the dimensiones of E(t) and 6, are volis and volts per second res- 


1 
pectively, the proper dimensiones of ® ore Bseconis. 

£ ss calculated by boti: the exact snd approxinete methods is pletted 
against time with 4 and qj as parameters. fhe followirg renges of 
variables snd perameters are presented ss most nearly representative of 


automatic fire control aprlicetionsa: 


le-=-Time: 0-20 seconds 


Aan? l-5 secon's 
Pe me Lo o3 


* 


wily drawn curves with index "“Qex" reprerait solutions 


a 


obtained by the c.ect methed, while broken line curves with index 
"Saw" represent colutiess obt_ ined by the sporexiinete method. A 
Single curve with incex “Sex and Sanp" indiestes that the differences 
vetyvGen the vse corresponding ordinates as calculated by the two 
methods are less tran .1 wit of €(.1 sec sad): this Ticure hecones 
comparable to the firite curve thickness; consejuently 2 nlot of the 
aoproximeate curve was moi Warranted, Mowever, sheuid ib betone 
necessary to obtein more exact figures, especially in t'« neighborhood 
of & = 5 secends, where differenecs between Zapp and sx becose 
- a 
inherently very small, one may resort to the curve entitled "@anp - 
“ gs ‘ a 
ex vs. KT ab + = 5 seconds", Witferences there are mac ified in 
1 
the retio of 1031. | ts 
~ 26% 
The pereantare error in cubput voltage JR eff) is tabulated in 


Tebles IV, VY for eft) = o, + ¢,t at b = 16 seconds and 20 seconds res- 
4 











pectively. S (i) | 
eee") aE - . = a ee 2 -it is possible 
— 3 t 
oe} a +, “2% t 
» ey 


to simultaneous]: tabulate ‘J | for one positive and ene negative ratio 





of e, at constant t. The upper (~) sign in the tabuletions refers to 
ey 
the positive é, entered at the ten of the colwm, and vice versa. 
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fu design work toe ioliowing conelcurstion: mey be iupertant: 
l-~Absolute magnitude o1 error &(t) = v(t) = eft) 


em--lercent mipgnitude of siror % m E\t) 
e(t) 


{wo metnods of euleuleting £(+) and are aveilunle, namely the 
exact Gnd approximate met oda, 

For linear gisn#l voltage ani linewr re#i tence yarivtion, the 
gronhical an? tabular results offer quick means to com ute Z(t) and 4 e 

To find €(1) corresponding to Aven [',, iq and time, it is merely 
necessury to multtoly the appropriate ordinite by “6, ° Thos may he done 
graphic lly by adjusting the scale of ordinates to the required O13 Te- 
calling, thet p = ~&(t) « 

e 
The absolute engnitude of the error becomes greeter with lume 
Oo 
rr and ‘2 For positive | Lane approximete absolute error becomes 
} 
propreseively prester ther the exact error, ae oacn of the aforementioned 
= - 

paremeters become luryer; however, the oppedite is “rue ior negetive ie 


ihus the maximum error corresponds to [ 7 > soummnsy | = 3, and 


1 
t = 20 seconds for which €ex(20) = 6.2 e) volts, Gapp(20) * -10.3 e volte, 


a differenes of <-2.1 e, volta. On the other hand a more accurete plot ef 


theadaffcrence et t = 5 sec. shows that Capp(5) - Zex(5) is 38 e volts 
correspondiug te |. = 5 secs, by = .4. 


r 


The percent error "| depends on the additional parameter C4 a ine 
“1 


spection of Tebles [VY and V indicates that for a wide range 01 €, at 


*) 


Gu 


4+ = 10 cece. and t = 20sec, The difference between “lapp and 7 ex does not 


“1 


Ranges of linear signal voltages not plotted or tabulated ue well 


exceed 5, To reduce || to @ winiimue e, chould be high. 


as parabolic voltsges may be investigated with the aid of the exprecsions 
of Tables I, fi, i121. 1% is hoped that sufficient preliminary investigation 
hae been made concerning higher order voltage and resistence terme, es 
presented in the Appendix. The following limitations arise in the con- 
siderations of higher order terms: 

l--Tre number of parameters increases to e poini where general calcula- 
tions become very cumbersome; ror any given set of vaiuest, however, 
calculations are fairly simple. 

@--Some of the volutions otteined there ere of necessity presented in 
integral forms; it would probably be necessary to perform these integrations 


on the differential snalyzer. 
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Selution of the Differential E-mation 


For C(t) of the fom T, +T, t, and excluding the case for 
aoe 1 = O which has been solved elsewhere in this paper, the solution 
of the differential equation for sinusoidal signal volteres requires 


the solution of the following integral equation: 
—_< i ~~. 
(5) v= Ky + |{A ees wt + B sin wt) (7%, +7y%) . dt (t,, +7, t) TT) 


We ean set the arbitrary constant K, equal to V(o) in whieh case w 





have our integral equation in the following form: e 


. v 

Tv at 
T/* .& = dt é 
A cos wt + B sin wt oo 4% fae 5. 


(6) V=| Vo) + dt | e 20 
e To *t, % 


“hen the exponent te -~ 1 is a Small] positive integral number, we are 
able to evaluate the integral directly by the process of expansion of 
the term (t,41,%) -- 2 Selutions are tabulated for tT =i, 2, 3, 
and 4, in addition to the case in which st = ¢ which is the constant 
pareneter case, The solutions are tabulated for the general case in 
which A and B have non-zere values; this is the case for any phase 
angle of the composite input wave. Solutions are also tabuleted for 
the case in which A = 0, corresponding to a vhase angle of a and 
for the ease in which B = 0, corresponding to a nhase angle of 2erc. 


For higher positive integer values of » for negative integer 


1 
TA 
velues of + , and for all fractional values of 7~ recourse smust be 


had to a differential analyzer, a Fourier coefficient analyzer, 

or numerical hand cowrutation, in attac*ing tie oroblenm, however, 
we are particularly interested in the range 23674 Sw and it is 
te be noted that the tar>ulated selutions for 74 0 (special case ) 
and 7, = .25 fall in this range. Purther, the case wherein 


t »33 lies at the extrene resitive end of the range. 


13 





Differential equation: avi) e Vet) . oh). 
at CR(t) cr(+t) 


Signal voltage: e(t) = A cosot + Bsin ot 


Case I: CR(t) = constant = to 


CR(t): 
my yt Tae ; =e “ 
Case It: C(t) lo? S t 
Steady state solution 
ed (7) ¥ ae ~ ete wi A + B 
or Uase Is ate — ion COgut + sinWt 
227? 43 WT 2 49 


in the solutions which follow fer Case JI, the solutions are 
tabulated fer the general case, for the case in whieh A = 0, and 


for the case in which EB = 0, 


Since e(t) = A cos wt + B sinwt: 


e(t) = Ve 4 pe cos (w t-€) 


where © x tan =i B 


pe 


Hence, in the case where A = 0, 
eg = g and e(t) = B sinut 


In the case when B = Q, 


8 = 0 and e(t) = A cosut 


For © any value the general solution apolies, in response to the 
signal voltage e(t) = A eos wt + B sinwt, 

In order to indicate the variation of V as a funetion of 7) 
for small positive values of 7), the accompanying curves have 


been plotted under the following ecenditions: 


* =0) 1/5, 17a; 2 
AzmSBe=i 

On T 

7, @T 


The solutions then become: 





be 20: Vegint 

4 22/37 = Gu 1 + (t*40t413) sin t - (b244tel) cos ‘| 
5 wie re ona? |? + (349+) sin t = (144) cos ‘| 

A 


3 ‘, 

> ig 1 = == |1 & wg & See t 
14st 

For x equal. to sere, which is the case when Cx(t) = constant 


= ts we havyg a constant coefficient differential equation to sclve, 


% 


the signal veltare being a sum of sinusoids wich may resolved into 
& single sirmsoid with an initial phase angle, As is to be expected 
the solutien for the response is e constant amiitude sinusoid, As 
T takes on smal’ positive interer values the solutions betcme more 
complicated but, as can be seen from the equations and tin curves, 
the response erain invelves a sinucoidal form, though now we have 
avertical displacement of the sinusoid due to the apnearance of 

the trensient term which wos neglected in ths case where Ay = 0, 

in this latter esse it was considered that at the startine of 
 sroblem time the transient had already died out and steady state 


conditions existed. Fer small positive integer values of et tie 


sinusoidal terme cre modified by amnlitudes that are ot censtant 


e156 


but that are functions of time. The net result is that the 
responses to sinusoidal inputs, in the case of CR(t) variable, 
are of e damped sinusoidal form with the damping factor being 
variable and not following a definite psttermn. In general, 
increasing 7, decreases the amplitude of the response (en 


4 where the initial 


a 


exception is seen in ti case of q = 
Swing of the response is to a value greater than unity) though 

te make this couparieon it is necessary to take inte acecunt 

the phase shift, or expansion of the resultant cycle introduced 

by inereasing 7] from its sero value. Decreasing m Lowards 

sero has the effect of changing the solution towards the constant 
amplitude sinusoidal form. 

To give an indication of the effeet of chengings frequency 
the solutions have been vlott d when only one innut simusold 
is present for two values of angular frequency, W= 1] and W= 2, 
All other parameters have the same values for the tye solnuticns. 
The curves show thet as the frequency is inereased the irregularly 
damped sinusoidal form responses are decreasec in arplituce and 
die out sooner. 

Acain confining eur attention to sinusoidal signei voltages 
the question comes um as to whether or not ve are justified in 
substituting the setvel variation of CR(t) inte the selution for 
CR(t) = constant, and to what extent error is introduced by this 
procedure, 

Our input signal voltage is e(t) = A coswt + B sinut, 


To obtain an averare indication, consider a siven solution in 


td 


2 


and second, let A =1, B = O which corresvonds to @ = 0. Denoting 


two ways; first, let A = 0, 5 = 1 which eorresponds to 6 = 


the first solution by Vp and the second br V,, we will plot 

V4" * v.* for both the exact method of solution and for the 
apprexinate method wherein we substitute the actual varietion of 
CR(t) in nlace of OR(+) = constant. Considering all other 
paraneters fixed and the same for all solutions, we have: 


For 7, zis: 
1 


ime @)" @& i 


Reds | y 2 7 - 1.5 * sin t = cos t 
A B 2 
(1 + +) 
F = +3 | 
or 7, = 4, 
Approximate: V 4V.- « eh eo 
: A B (l@# 5 te ay 


Exact: V,* 4 V;* & CL *.5t)© 4 5 © 5 sin t = (1 +.5t) cos t 
(1 + 5¢)4 
The eurves show that the resnonses die cut more slowly as 

‘e is decreased toward vero, and that esreement betvcen the exact 
ond approximate solutions is better for smaller T That the 
response shculd die out more slowly és % is redueed is to be 
expected since when 7% = 0, the sum of the squares ef V, and Vi, 
will be equal to a constant. The disparity between the approximate 
and th< eect solutions es a function of T, is another mestion, 
Obviously, at some value of fF, and for lower values, we will be 


within the limits of error specified by a given design problem 


if we use the approximate solution. This point must be determined 


oc 1 


by the situation to be ret. Further, the fustifieatien of the 

use of the acproximate solution eannot he found entirely in the 
behavicr of T,; 't is alse a finetion of the valves assumed by 

T, 2nd w. Another point to be uvlersteoed is that althouch 

nloets cf the values <f V - plus ¥ - are shorn fer values of 

time between sere anc five seconds in which bracket the discrepancies 
are greatest, the exact and approximate curves de not fellow the 
same fora of variation as tive inereases sbove five seccnds. This 
can be seen by en inspection of the defining equations, “Shereas for 
large values cf time the approximate solution sives Vins VR" of 

the form (at), the exact solution sives a form b(atj™ with 


a decreasing coefficient sinusoid added to it, 


For 7, <1 and it large: 





Approximate t Wy + Vy? eo 
il | 6 1.5 sir - cos t 
Exact? Wire Te & bee. + 
| re. 5 42 42 
For % = & and t large: 
Approximate: V,°« Vv," e 4 Be 2 


p, -@ 2 2 eee ns t, 
Exact: Va 4 Vp oS (.5t)e — 


Though for large valuos of t the error may hence net be great in 


using the aoproximate solution the nercentage error may be very 


great e 








a 


wT 


- , pn a  S- z 7.) 
a ee tee 


y Wa K +m re] Reb 





- IEE = of 


ry, - 4 Fi « vv. g 
- 4+ nme FL ie : 
WA eae wel * alee 











Dee pai RE RO ER ES Sign Ye ER PRE Se, SAG Sere 


i mr a, 
BN) | ages sori ae aa Mm m 
+o ” X99 ee) ¥9 ye - tae ~ 












































g7 O¢ Fa), gt. * z6 1 LE S 
4™ 4a™ 
a al eg | +a tee 4 i), hres on |b ™ 
Gabe! ae Le ee. Le, - —— : 
) 2 
_ i @ mr - 
Ae tt aie pe mee} 
r ( ) LBC ra plu +49 
yi fr, Nn nr 4 A mn - 
| i Tae ty ge / * Vee ~ 9 + gram ja 











“a © ( ™ a fee bem 
vt ¥M F9D a NIG Sa t+ 





Beam — 


en prepa DEE Ese, 





PARP OS ee | 





at We TOR INC YG gy Pe LORD Eh 2 Peary Sa PEN A LO Dy PS OE ig OE i PE OPES pen 


tr {+ ."}5™M 
(BLED mn $0 Soe = eee . 


Oe LY ye = WI1LATO 











EL OA ETI yh. ~~, 


- fe —~_ I ee terre. me 2 re Rak Me er oe I > >The ten re sete ee ee Ee eS ET ee ee QS Ee § ee 
- 





etre rr -. a 











\- 
e - 
| 
% | 
| a 
ane | 
> : | 
ail he : 
% an 
5 ? 
’ 
‘ . 
“ 
"f 
+ 
=. 
“e | 
' 
2} 
= 
‘ 
a! | 
“| 
} 
5 : 
’ | 
i 








r — 
4 Pe " =) = 
,- i ‘ “by : 9 \ + +421” 
- ho = . 7 wm | & » * co. + a >> . 1 x! t : rh. Pi: — ae 5 Na 
¢ — { io M > =, - 
| ee Wd" ae Ft | 





rt apnnges nn EE 


+ . 
wm O- 


uk te dee 4 


dete ab ee one 


Bet 1 te ee 


+ 
ete 
tee 4 


tots - 








a 


cee ee 
- —G@ tw 


i. 
1. a 


ees 


i 


. : +4 . 
se oa we bh} a 4- t 


$ dnd. 


wo ¢ 4 


a 4 
SMe. - 
' 


. 
—— -~+ we: 


eH 
. 


ls 


+ 


' 


4 


me 


+ & 


- 


r 


eee 


. « 
4 


ry 
+ 


' 
ie 
b | 


ao 


4 


_“ ! 
|e 
alt 


Ta. 





F:IGENE Die 


+ 


2GEN CO BO 345 OX 
l 





o/ 


! acatinenin | as 
1 S i-= 


; ~ 
; £ 
a 
; : 
: ‘ a q 
ie a a ea 
’ 
5 
2 
: ¢ 
- SY 
er 
wd 
; 
‘ bd 
{ zx 
taj 
2 
= 
wad 
t 
' 


lating 


. ;. ; ; 
‘ ) ‘ . , 3 =e 
: ——— 
f ' . : 
| | . i 
i + i . . 
+ { 


me 5 cmap hom ache epee ee fee So wena pero 
° 


> + ¢ 
a 


ee ep ee 
. 


: 
; 
Bi 


ee 
-_>_~+ 
. 


= 
"= 
~-~% 
+7~dq 


4 


er eee eee eee op 


Cn 

t 

| 
eet 


7 


t= oO wee 
? 


ew ee oe 
+ 
4 


| 
| 
| 


ee = wry ete epee 
; 
’ 


— er? 


’ 
—_ “Tak _— < 


| 


- 
ee 





ae 
aw. 


. 


JT tl 


a er on foe ee SS 
‘ 


| 
NC 346 DX 


“eee 
2 


- 

i 4 
a wee —y- 

4 


e - 


, 
oe 8 et oe 


a 
on DEIZGEN CO 


- 


¥ ee oe 


a ? + sabe 


f (Senne - 8 ¢t ? 


oe 

arent: 
6 oh He ee * 
eee ee 


eye 


eee aot ae 
* 
eet Oe pe ote -_—~ 


~~. 





y . ee me mi lo . i > 
: or + . 
ip apt ~ -L, oe 


Sa a > «5 a 
b , - 


fd 
Tf an nnantate 


x 


Bote 
bz3 - 


6 D 


4 ¢ +> 
ey he} o eee be me ho 


¢ 
~) 
Oo 
= 
9 
O 
yd 
ud 
o 
a | 
bon 
= 
& 
hed 
= 
las 
© 
mal 
a 





1S 


Appondix 


Classical metheds were preferred to the serthed of Lenlace 
Yransforeations in the selutions to the differential equations, 
gines the transforms ¢errespondine to the varying el rows.t 
parazetixra are net conera’iy available in the literature, 

Ag Gn @xaele the formml solution for VU.) eorr-spording 
to a parabolic cignal wil! be precented heres 


Equation (4) should verhans more aceurately read: 


(#) (t+ +) Shel 4 wee) 2 
ag Tt) at (t) —*o84et » © 


Decense @f the linearity of this equation one mar oclve 


fer ¥(4) due to the right hand side being © anmle. + ets 5 a 


° 
sererately. These two parts of the aclution are eomorliy tered 
the complementary Tunctiar or trensiant and vetttibuls x Syriesral 
ci ateady state solntio: , | 

For the transient: 


dv¢t ) 


(Bz ) (%, +8, t, } ae + Vit) 6 


: \ 





vit) ” Fee T, t+ te 
y 
interrating 
log V(t) = - A leg 2 a. + log ®* leo <= x 


where % is an arbitrary constant. 


~ 19 "9 


vonse guently 


.. ri 
ia, 9G) ‘pane Lent a le 


(&) Vied= vid vit = ¥47 
f ° } a 3° 


4,2, V(t) ts mgere to be ameoceseibin in a newer weries * ere eating 
in the same fecrea as et) 


2 
om 


Hifferent ies: 


; efi 2 } po ¥. 


tyr (ms 5 


a? 


Vultinivine (fe) by (7 +7.%) and adding to (8) there misults 
de 


@) (%, +&t) (¥, & aot) + ¥ v,% + vee 


a n 4 wf: . A > /. 2 
iy? Vat, ty lie, ) + e Tex » © "ait + 2%; ) © 


vy 
we a4 + ae € t far r 42S +5 af 42 ay ig 
o *H,8F% all instan tlme (B) 


Therefore: 


: 7. & e 
9 t T% %y " 


(9b) 40 ee vos ” 


Vatk+ 2%) = eg 


Solwing (9b) simultaneously 





€ 
Li 2G 
, 1 
G wy - 
Vs i mn om en Sais 
1+ (iF ) 
~T- = 
Vo s oy eh. + wen & 
L + 7, (197, 


(F) Vit) =: 


for t2C 


($e) yo oh. - " Ta . = 





(Se) 





2 
t 
a9 ~o z by the 
Let) (1425 ) boundary 
eondition, 


- Bl - 


The method of "assuming" the steady state solution may be employed 
to obtain solutions to any number of finite terms appearing in the expansion 


for @ (t), i.e. let 


= a 
(10) ea (t) =e + eyt test ---- - 44 
Assume as a solution to equation (1) for CR{t) = Se 4 <ig* 
r = 2 n 
(11) (t) = Vo+Vit+Vot~ +------- Vit 


By the previous method one obtains as solutions 


— 
= 5 I) 


€o -1 nT e 


1.& ~ oie - n 
nl T4(n-1)7, Wen )G+ (n- 77) 


oo" 
7 
nN 

~~ 
«<j 
td 
( 

NO 

it 


€n - 2 a To &n-1 e (n-1)T 9 “n 
Lt@2)7, (ar UTIL + 2) (I+ nt )(tfa-if,) i in-F, ) 








a2 (<a nl T™ e 

o- +n 71)Q+ (n-1fT)) (i+ (a2) --- (1+7, ) 
(-1)"* (n -1)! T 8-4 en-1 teen en ee . 
Git [a-lT, lt [n-2}T, =---— = 7, ) 1475 i: 


Ti.is scheme of “assuming" the steady state solution will succeed as 
long as the resistance is constant or varies linearly with time; however, as 
soon as parabolic or higher order terms are admitted into the expansion of 


R(t) the methed fails. The reascen fer failure is easily evident: aoe 


is an expansion whose highest degree term is of one degree lower than the 
V 

highest degree term of V (t). Multiplying at)», a term containing t* 

or t raised to a power higher than 2 will cause the degree of the left hand 


side of equation (1) to exceed the degree of the right hand side, making it 


impossible to equate coefficients. 


? 
- 
@ 22 < 


However, since equation (1) is a first order linear differential 
equation its solution can always be placed in integral form if not closed 


form. For our equation: 


(13) on (t) MLev(r) =e (t) 


av (t) ao = ok 
(uy) dt . CR(t CR(t 


For the homogeneous equation (right hand side = 0), we have: 


av(t). V(t) 
(15) ay) Ut. 20 


Separating the variables we obtain: 


qavVzs- dt 
V CR(t) 


[8: S& 


lor w= -/ tt 
°€ kK) CR(t) 
-f. dt 
| ~ CR(t) 
(16) Ye- Kye ( 


When the right hand side of the equation is not equal to zero, we assume the 
same form of solution but in this case the constant x is replaced by u, 


where u is now a time function. 


Then: dt 
-/ CR(t) 
Ve= ue at dt 
(7) b f 4 
WwW = mu, CRE) ng Tf ORME) 


dt dt 


OR(t) 
dt 
—_— 2 GR(t ) 
atv OR(T ) 





ay 
dt 
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Substituting into the original equation we have: 


dt 
oe . u 
dt CRU 


cates _ watt 
Os ate) 





so thats 
dt 
du crt) - ath 
dt ° CR(t) 
Then: 
[s 
du . a(t) ¢ OR(t) 
dt CR(t 
| at 
CR(t) 
< a(t 
. : [ee . - 
Therefore: 
dt 
> ~ 7 OR(t) 
V= us 
7) _ fat 
An CR(t) 
VY - Ko + eM e dt, e 


This method of attack, involving the solution of an integral equation, is 
used in this paper when (1) R(t) is assumed to consist of terms giving 

rise to a varistion greater than linear, and (2) the signal voltages are of 
sinusoids] form. 

For R(t) consisting of terme of higher order then linew subse- 
quent @nalysis shows that the “transient” part of the solution can be placed 
into closed form, but the steady state solution cannot. However, an integral 
equation in itself constitutes appreciable progress compared to the differ- 
ential equation form. 

R(t) = Rot R,tt Rot 


(19) { Consider a T. 
Ch(t) = Net tig I tyTot® = To (ep Aeon 


~~ 


Tre vensral selition fer T{4) corre@pending te « (+) 


= rar tagt® += “nee em oe i" ie by (18) 





(t= as Ef _ et aon es 

$77 tao TV, lettre Bey - | | 
(25) 9) ® © ee) eS —6Te Teh eh! 

. ‘ — — = nha i + Z| 

a 
The aeration r TUS S| + ye) is to be found, ‘hre@ aletinct 
Subcuses arige: | 

. (t*4 At + Ti? s (teen) Pewdt’ a 
Ta aaa! 8) 
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, 7 ny 2 ai 
Qe ($4 HE Eh) = Cental’ =; Pt ew!” oo 
. Th > 
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| BY a » TP } » ro") ot 4 , a 
and l in pete? Sas 
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(ZO) FV (t) = | 
+2 , +e" i Dptet Pe Ft” 
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It is interesting to compare the type of transients obtained: 








Limit of 
GK @) Transient Transient as t=» <) 






1 finite values, If C R (t) 





_ second order terms it 1s necessary to oe 4 
; a 
oe "eS ote (tea )” ittal 4 
. it tank <7 p a? (k,. li pare integers ied to or greater than a5. 








ain the proper irae 32 solutions similar to the ones corresponding 
to C ewe - The Tae +i at ty & partial fractions expansions : = 


a” 
Sie; 





= ME - 


In so far as sinusoidal signal voltages are concerned, to 
illustrate the method of obtaining the results tabulated previously in the 
paper, the following sample calculations are shown for the case in which 

a 
CR =',=1- 
= e(t 


Oey | ow 
dt cR(t) CR(t 


(21) Let e(t) = A cos u t4B sin u t 





CR(t) = >: oe | 
gv V ~ A cos ut+B sinut 
dt” T9474 t To +, * 
Then: 
v- Kyi /B.see wt B sins A cos u t + sin u t 
>, wate Ih * 
| , . 
Acos ut Bsinut es ut Bsinut - dei . =a 108 (T+Lt) 
Veo ce Tat. > e 7) o My 
+ -1 _= 
G7 
(22) a A cos u t +B sin u t)(1. af gy’ ¢ dt (T 47) - 
Since = 





Am, cos u t +B sin u t) a7 Tot + 


. =i «- B eal oe 
(23) relat sinut- 7 cos ut igi * 
To evaluate the arbitrary constant K, we must go back to the steady state solution 
for R constant and substitute t = 0, giving us V(0), our boundary condition 
for the variable resistance solution above. 


For constant resistance we have: 


(2h) avy, V -Acosut+tBsinut 


dt To To 


- # - 


The steady state solution is found as follows: 


Let Vo = steady state solution for V 


Kecos utthH sin ut 


Let Vo 


ava =—~uQM sin uttu WN cos ut 


dt 


B 
-ulsinuttuN cos utts> cos utt— sinut = = cos utta= sinut 
° O° 


a To 


squating sine terms and cosine terms separately: 


5. £2 
tr To 

MH - A 
ult——- — 
To “lo 

- uf. MIN =B 


i 
a 


ud, N+ > 


- ut. MtN=B 
Ud, MK tutq 7M = Whe A 
Hy (1+u?T #) z u TA +53 
Pe 


ee ELS 
gre 42 


ul, (wl, A+B) 


~ A-uT, B uy. A+B 
(25) V2- ae CoS Ut tay sin u t 
aT +1 fiat) 


For the variable resistance case, V(0) = Vo (Oo). 


(26) vz s-ui, B 
u-T + L 


h-ulg B 


wl ge +) 


~ 28 « 
A-ul Bp = 
_ - u ~~ 
¥ (0) = —-— - K, - = a 
ut ‘} 62 +1 ut To 


To (A -ul, B) 


29° 2 
P +1 


& fits © 


(27) K3 = + 





a 


The complete solution for V in the variable resistance case is then: 


p. 
9 (A-ul, B) 


(28) V= 
um +e 


BLA B 1 
To TE sin ut B cos w Tae 8 


L 


1. 


he 


De 
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